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It is shown that the groups A,, A,, and 2, are Q-admissible. This is done by 
showing the existence of certain Laguerre polynomials whose splitting fields over a;0 
have the desired properties. These polynomials are found by using a computer to 
show that certain elliptic equations have solutions which satisfy a variety of 
arithmetical conditions. 0 1987 Academic Press. Inc. 
1. INTRODUCTION 
Let k E K be algebraic number fields. K is k-adequate if K is a maximal 
subfield of a finite dimensional division algebra with center k. 
A finite group G is k-admissible if G N Gal(K/k) for some Galois exten- 
sion K of k which is k-adequate. 
Let A”,, denote the double cover of the alternating group A, for n 2 5. 
This paper contains a proof of the following result. See Theorems 4.5 
and 5.5. 
THEOREM A. The groups A,, A7, and d, are Q-admissible. 
The proof of Theorem A is based on the following result proved in [6]. 
THEOREM 1.1. Let K be a Galois extension of the number field k and let 
G = Gal( K/k). The following are equivalent. 
(i) K is k-adequate. 
(ii) Zf p is any prime and P is a S,-group of G then P E Gal(Kki/ki) 
for at least two completions k, and k2 of k. 
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If an extension of Q has degree a power of a prime then it is wildly 
ramified at at most one completion. Thus Theorem 1.1 immediately implies 
COROLLARY 1.2 [6, Theorem 4.11, Zf G is Q-admissible then every 
Sylow subgroup of G is meta cyclic. 
By Corollary 1.2 A, or A”, can only be Q-adequate if n < 7. It is known 
that A,, A,, and A”, are Q-adequate [l-3]. Theorem A shows that the 
remaining possible alternating groups are Q-adequate, thus answering a 
question raised in [a]. 
The required fields K with Gal(K/Q) 1: A, or A, are constructed as the 
splitting fields of certain generalized Laguerre polynomials. It is necessary 
for some conditions to be satisfied. This requires the existence of points on 
the elliptic curves E, and E, (defined in Sect. 2) which satisfy certain 
arithmetical properties. We know of no theorems which guarantee the 
existence of such points, but were able to find some points with the help of 
a computer. As is pointed out in Section 7, the numerator or denominator 
of the constant term of the polynomial for A, has approximately 1.5 billion 
digits. 
It follows directly from [l, Theorem 13.41 that A”7 is also Q-admissible. 
To show that A”6 is Q-admissible it will however be necessary to consider 
different polynomials. 
2. PREREQUISITES AND NOTATION 
We will be concerned with two elliptic curves E, and E,. (The reason for 
the subscripts will become clear below.) They are given by the equations 
(2.1) 
I- (2.2) 
Define 
E,: y2= 15x(x2-4) 
E7 : y2= 105X(X2-4 
Pg=(3,15) 
P, = (5, 105). 
(2.3) 
(2.4) 
Then P, is a point on E, for n = 6 or 7. 
Let j, m be integers. Let mP, = (x, y). Define 
(2.5) 
641/26/2-7 
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for n = 6 or 7. Define the polynomial 
F,(z) = E;n(z, m) 
VOJTA 
= zn - nc,,,(m) zn - I + 
0 
; Ll(m)G?,,-I(m)Zn-2 
+ . . . + ( - 1)” fi c,,;(m) 
i= I 
= 2 (-I)“-’ 
j= I 
(TJ( jj c,,i(m)) xJ 
i=j+ I 
(2.6) 
for n=6 or 7. 
If ,I = x-4 then F,,(z, m) = F,,(z, A, 1) is a generalized Laguerre 
polynomial for n = 6 or 7. Let D, denote the discriminant of F,(z). Then a 
result of Schur implies that 
D, = 15x(x2 - 4) a& D7 = 105x(x2 - 4) a: 
for u6, u, E Q x. See [ 1, (4.6) and (4.7)]. Since mP, is on E, it follows from 
(2.1) and (2.2) that F,(z) has square discriminant for n = 6 and 7. 
For n = 6 or 7 let K= K(n, m) denote the splitting field of F,(z, m) over 
Q. Since P’,,(z, m) has square discriminant it follows that 
Gal(K(n, m)/Q) c A,. (2.7) 
If G is a subgroup of A, let G denote the inverse image of G in A”,. 
THEOREM 2.1. Let m he an odd integer and let G = Gal(K(7, m)/Q). 
Then there exists a Galois extension M of Q with K(7, m) g M and 
Gal(M/Q) N G. 
Proof This follows from a result of Serre [7] and [l, Theorems 10.2 
and 11.11. 1 
If p is a prime let vP denote the exponential p-adic valuation normalized 
so that v,(p) = 1. 
Let Q, denote the field of p-adic numbers. 
3. SOME PRELIMINARY RESULTS 
THEOREM 3.1. Let m be an odd integer. 
(i) If mP, = (x, y) then there exists X(E Qp” for i= 1, 2, 3 such that 
(x-2,x,X+2)=(3x:,5x&7x;). (3.1) 
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(ii) If mP, = (x, y) h t en there exist xi E Q for i = 1,2,3 such that 
(x - 2, x, x + 2) = (xf, 3x;, 5x:,. (3.2) 
Proof. See [l, Theorem 10.2-J for the proof of (i). A similar argument 
yields (ii). 1 
Let B,(m) = Q![z]/(F,(z, m)) and let TrB,,cmj,a(a2) denote the quadratic 
form on the n-dimensional Q-space B,(m) defined by the trace. For any 
prime p let 
denote the Witt invariant of the form 7’rB~(mj,0 at p. See [ 1) Section 3 for 
instance. 
THEOREM 3.2. Let m be an odd integer, 
(i) EJF,(z, m)) = 1 for euery prime p. 
(ii) Ep(F6(z, m)) = 1 for every prime p > 3. 
Proof. (i) See [l] Theorem 11.1. 
(ii) Letp>3 b e a prime. Let ( , ) = ( , )P denote the Hilbert symbol 
at p, let E = sp(F6(z, m)) and let cj = ceJ(m) for any integer j. 
Define di=d6,i(F6(z, m)), where A6,; is defined in [1, (4.13)]. For a, 
beQ” write a-b if ab=c2 for some CEQ~. By [l, Theorem 5.11, 
A 6, 1- A,w5cg, A,-6c,, A4’v 15c6cz,, 
A,- 3~5~3, A6N 1. (3.3) 
By (2.5) and (3.2) 
c2 - 1, c,-3, cc-5 (3.4) 
Thus (3.3) implies that 
A2~A4~A6~1, Al-6 A )m6cg, A,-3c,c,. (3.5) 
Hence [ 1, Theorem 3.11 and (3.5) imply that 
E= fi (A. 
{ j= I 
I-1, ‘j))( -lyj, d/> 
=(-1,3c,)=(-1,3)(-l,+). (3.6) 
BY (3.4), 
c3=c2+1=az+1 
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for some a E Qx . Hence 
(-1,C3)=(-~~,c,)=(-&z~+1)=l 
Thus (3.6) implies that 
E=(-1,3). 
Hence&=1 asp>3. 1 
4. THE CASE n = 6 
The following notation will be used in this section. 
m is an odd integer, 
F(z) = Fdz, ml, 
mP, = (x, y). 
If p is a prime then K, = K,(m) is the splitting field of F(z) over CD,. 
We will be concerned with the following conditions. 
HYPOTHESIS 4.1. p is a prime with p > 7 such that the following hold. 
v,(x - 1) > 0, v,(x - 1) & 0 (mod 3), (4.1) 
z3 - 18z2 + 902 - 120 is irreducible in F,. (4.2) 
HYPOTHESIS 4.2. p is a prime with p > 7 such that the following hold. 
v,(x) = 2, (4.3) 
(2)=(c)= -1, (+. 
LEMMA 4.3. Suppose that Hypothesis 4.1 is satisfied. Then 
9 1 IGaW,/Q,)l. 
(4.4) 
Proof: Since p > 7 and v,(x- 1) >O it follows that v,(ci) = 0 for 
1 d j < 6, j # 3. Let v = v,(x - 1). The Newton polygon of F(z) at p is the 
lower convex envelope of 
(0, V)? (1, v), (2, VI, (3,013 (420 19 (5,0), (60). 
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Thus there is a segment of slope -v/3 from (0, v) to (3,O). By (4.1) 34~. 
Hence 3 divides the ramification index of K, over Q,. Thus it suffices to 
show that if L is the maximum unramified subfield of Kp then 3 ( [L:Q,,]. 
By (2.5), c, = j - 3 (mod p). Hence 
F(z) = z’(z’ - 182’ + 9Oz - 120) (mod p). 
BY (4.2), 31 CL:Q,l. 1 
LEMMA 4.4. Suppose that Hypothesis 4.2 is satisfied. Then 
8 1 IWK,/Q,)I. 
Proof. Since p > 7 and v,(x) > 0 it follows that vP(cj) = 0 for 1 d j 6 6, 
j# 4. By (4.3) the Newton polygon of F(z) at p is the lower convex 
envelope of 
(0,2), (1,2), c&2), (3, 2)> (4, Oh (5, O), (670). 
Thus there is a segment of slope -t from (0,2) to (4,O) and a segment of 
slope 0 from (4,O) to (6,O). Hence there are 4 roots 8,, 8,, 8,, e4 of F(z) in 
K, with v,(ej) = f for 1~ i< 4 and there are two roots 8, and f!16 with 
v,(B,) = 0 for i = 5, 6. By (2.5) 
F(z) = z4(z2 - 12z + 30) (mod p), 
The discriminant of z2 - 122 + 30 is 24. By (4.4) (24/p) = (6/p) = - 1. 
Hence by Hensel’s Lemma 
F(z) =fb) h(z), (4.5) 
where d,,..., 8, are the roots of h(z), while 8, and 8, are the roots of f(z) 
and f(z) is irreducible in Q,. 
Let L be the maximum unramitied subfield of Kp. Let G = Gal(K,/Q,). 
Since vJ0,) = 4 and f(z) is irreducible it follows that 
[K,:L] E [L:Q,] ~0 (mod 2). (4.6) 
Suppose the result is false. 
Let s = {e, ,..., f3,> be the set of roots of h(z) and let C, denote the sym- 
metric group on S. G is mapped into Z:4 by restriction. Since F(z) has 
square discriminant G c A,. Thus G is isomorphic to its image G in C4, 
and G is not contained in A4. By (4.6) 41 IGl. As IGI I12 this implies that 
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IGI = 4 or 12. The latter case is not possible since A, is the only subgroup 
of Ed of order 12. Consequently 
IGJ = Iel=4. (4.7) 
Thus (4.6) implies that 
[K&L] = [La,] = 2. (4.8) 
Hence 
K, = L(z) with rc26 L and vJn)= i. (4.9) 
Since m is odd (3.2) and (4.3) imply that cq = 3d2p2 for some de Q” with 
v,(d) = 0. Let 0 = 8,. Then v,(0) = 4. Therefore 
0 = F(8) E 15c,c,t14 + c6c5c4c3c~c, (mod n’). 
Hence 
15t14 z 6~4 c 18d2p2 (mod 7~‘) 
and so 
5 = 30(d/5)2 (mod n). 
By (4.4) (30/p) = 1. Thus there exists UE Q” with v,(a) = 0 such that 
84 
-=a2 
P2- 
(mod rr). (4.10) 
Suppose that G is cyclic. By (4.9) rr2 = up for some unit u EL. If u = $, 
for some U,,E L then L # Q,(h) are distinct quadratic sublields of Kp 
contrary to the fact G is cyclic. Therefore 
7c=&, uEL, v,(u)=O, u#ui for u,eL. (4.11) 
Since v,(e) = f there exists a unit u E K, with 0= vz Thus by (4.11) 
84 = v”u’p? By (4.10), 
04u2 E u2 (mod z). (4.12) 
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There exists a unit Q,E L so that u 3 u,, (mod rr). Hence (4.12) implies that 
v~u’= a2 (mod p). 
Therefore 
Uf fau,2 (mod PI. (4.13) 
Every unit in Q, is a square in L. Hence (4.13) and Hensel’s Lemma 
imply that u = U; for some ZQ,E L contrary to (4.11). Therefore by (4.7) G is 
the direct product of two groups of order 2. 
Let u be a unit in Q, which is not a square in Q,. Then the three 
quadratic subfields of K, are L= Q,(A), CD,(&) and Q,(G). As 
GE A6 it follows from (4.5) that h(z) =/I,(Z) h2(z), where Q,(A) is the 
splitting field of h,(z) and Q,(h) is the splitting field of h2(z). Thus 
B, = Q,(Mf(z)) ‘v Q,(,/? 0 a,(& 0 Q,(& 
Hence if { 1, ,,&} is chosen as a basis of a,(&), the quadratic form 
Tr BP,o,(~2) corresponds to the diagonal matrix (2, 2u, 2, 2p, 2, 2up). 
Therefore 
@(z)) = EJB,,) = 634, u)CQ, 2~) = CQ, -u) 
=(p,u)(p, -l)= - $ . 
( > 
Hence (4.4) implies that eJF(z))= -1 contrary to Theorem 3.2. 1 
THEOREM 4.5. Let m be an odd integer which satisfies the following con- 
ditions. 
(i) There exist two primes p1 #p2, each of which satisfies 
Hypothesis 4.1. 
(ii) There exist two primes q, #q2, each of which satisfies 
Hypothesis 4.2. 
Then Gal(K(6, m)/(Q)= A6 and K(6, m) is Q-adequate. Thus A, is 
Q-admissible. 
Proof Let G=Gal(K(6, m)/Q). By (2.7) Gr A,. By Lemmas 4.3 and 
4.4, 721 IGI. Hence IA,:GI 65 and so G= Ah. 
By the Tchebotarev density Theorem there exist infinitely many primes p 
so that 5 1 (Gal(K,/Q,)I. Thus by Lemmas 4.3 and 4.4 and [6, (2.6)], 
K(6, m) is Q-adequate. Hence A6 is Q-admissible. 1 
218 FEIT AND VOJTA 
5. THE CASE n = 7 
The following notation will be used in this section. 
m is an odd integer, 
F(z) = FAz, ml, 
mp, = (x, Y). 
If p is a prime then K, = K,(m) is the splitting field of F(z) over Q,. 
We will be concerned with the following conditions. 
HYPOTHESIS 5.1. p is a prime with p > 7 such that the following hold. 
v,(x - 1) > 0, v,(x-1) f  0 (mod3), (5.1) 
w3 - 1008~ + 9408 is irreducible in F,. (5.2) 
HYPOTHESIS 5.2. p is a prime with p > 7 such that the following hold. 
v,(x) = 2, (5.3) 
(;)q!)= -l,(.+. (5.4) 
LEMMA 5.3. Suppose that Hypothesis 5.1 is satified. Then 
9 1 IGa*(lu,/Q,)l. 
Proof: Since p > 7 and v,(x - 1) > 0 it follows that v,(cj) = 0 for 
1 ,<j< 7, j # 3. Let v = v,(x - 1). The Newton polygon of F(z) at p is the 
lower convex envelope of 
(0, v), (1, v), (2, v), (3, 01, (4, Oh (5, O), (6, 0), (7, 0). 
Thus there is a segment of slope -v/3 from (0, v) to (3,O). By (5.1), 31~. 
Hence 3 divides the ramification index of K, over Q,. Thus it suffices to 
show that if L is the maximum unramified subfield of K, then 3 1 [L:Q,]. 
By (2.5), cj - j- 3 (mod p). Hence 
F(z) = g(z) z3 (mod p), 
where 
g(z) = z4 - 28z3 + 252~~ - 8402 + 840. 
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Let u=z-7. Then 
g(z) = g(u + 7) = u4 - 42~’ - 56~ + 105. 
The resolvent cubic of g(u + 7) is 
h(u) = u3 + 84u2 + 13440 + 3136. 
See, e.g., [S, Sect. 581. Let Lo be a splitting field of h(u) over Q,. Then L,, 
is contained in a splitting field of g(z) and so I,,, G K,. 
Let v = w  - 28. Then 
h(u) = h(w - 28) = w3 - 1008~ + 9408. 
Hence if D is the discriminant of /Z(U) then 
D=4(1008)3-27(9408)2=212~35~73 & 0 (modp). 
Thus L, c L. By (5.2), IZ(MJ - 28) is irreducible and so 3 ( [LO:QP] as 
required. 1 
LEMMA 5.4. Suppose that Hypothesis 5.2 is satisfied. Then 
8 1 IGaUK,IQ,N. 
Proof Since p > 7 and v,(x) > 0 it follows that vP(cj) = 0 for 1 <j 6 7, 
j # 4. The Newton polygon of F(z) at p is the lower convex envelope of 
(0, 2), (1, 2), (2,2), (3,2), (4, O), (5, O), (6,oh (7,O). 
Thus there is a segment of slope -4 from (0,2) to (4,O) and a segment of 
slope 0 from (4,O) to (7,O). Hence there are 4 roots B,,..., 8, of F(z) in K, 
with v,,(ei) = 4 for 1 < i 6 4, and there are 3 roots 8,, 8,, 0, with v,(Bi) = 0 
for i= 5, 6, 7. By (2.5) 
where 
F(z) E z4g(z) mod p, 
g(z) = z3 - 212’ + 1262 - 210. 
Let z=u+7. Then 
g(z)=g(u+7)=2.43-2lu- 14. 
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Hence if D is the discriminant of g(z) then 
Thus by (5.4), 
1. 
Therefore the Galois group of g(z) over F, is generated by a transposition 
acting on the roots of g(z). Now Hensel’s Lemma implies that with a 
suitable choice of notation 8, E Qp, and 
F(z) = (z - e,)f(z) h(z), (5.5) 
where 13, ,..., t14 are the roots of h(z), whilef(z) is irreducible over F, with 
roots 8, and 8, in K,. 
Let L be the maximum unramified subfield of KP. Let G=Gal(KJQ,). 
Since v,(fI, ) = 4 and f(z) is irreducible it follows that 
[K,:L] E [L:Q,] r0 (mod 2). (5.6) 
Suppose the result is false. 
Let S= to,,..., 0,) be the set of roots of h(z) and let C, denote the sym- 
metric group on S. G is mapped into 2, by restriction. Since F(z) has 
square discriminant G c A,. Thus G is isomorphic to its image G in Cl, 
and G is not contained in A,. By (5.6) 4 1 IGI. As IGI 1 12 it follows that 
ICI = 4 or 12. The latter case cannot occur since A, is the only subgroup of 
Z4 of order 12. Consequently 
Thus (5.6) implies that 
(G( = ICI = 4. (5.7) 
[K,:L] = [L:Q,] =2. (5.8) 
Hence 
K, = L(n) with TZ*E L and vP(rc) =t. (5.9) 
Since m is odd (3.1) and (5.3) imply that cq = 5d2p2 for some de Q” with 
v,(d) = 0. Let 0 = 8,. Then v,(e) = + and so 
o=~(e)= -35c,c,c5e4-~,~,~5~4~3~2~, (modrr’). 
Hence 
35e4 E 6c, - 30d2p2 (mod x5). 
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Therefore 
$ = 42(~i/7)~ (mod n). 
P 
By (5.4) (42/p) = 1. Thus there exists a E Q” with v,(a) = 0 such that 
e4 -= a2 
2- (mod rc). (5.10) 
P 
Suppose that G is cyclic. By (5.9), rc2 = up for some unit u E L. If u = U: 
for some USE L then L # Q,,(h) are distinct quadratic subfields of K, 
contrary to the fact that G is cyclic. Therefore 
7c=&, UEL, v,(u)=O, ufu~ for u,EL. (5.11) 
Since v,(0) = f there exists a unit UE K, with 0 = DE. Thus by (5.1 l), 
/!I4 = u”u’p’. By (5.10), 
u4u2 3 u2 (mod K). (5.12) 
There exists a unit USE L so that u z u0 (mod n). Hence (5.12) implies that 
~$4’ E a2 (mod p). 
Therefore 
u- *au: imod P). (5.13) 
Every unit in Q, is a square in L. Hence (5.13) and Hensel’s Lemma 
imply that u = 14; for some no E L contrary to (5.11). Therefore by (5.7), G is 
the direct product of two groups of order 2. 
Let u be a unit in Q, which is not a square in Qp,. Then the three 
quadratic subfields of K, are L= Q,($), Q,(h), and a,(&). As 
G&A, it follows from (5.5) that h(z)= h,(z) h,(z), where (ID,(&) is the 
splitting field of h,(z) and Q,(A) is the splitting field of h2(z). Thus 
B, = Q&l/m)) = Q,O a,cJm Qp(JiJH3Q,(JG). 
Hence if (1, &I . IS c h osen as a basis of Q,(d), the quadratic form 
Tr, ,a9 (a2) corresponds to the diagonal matrix {l, 2,2u, 2, 2p, 2, 2up). 
The?re&re 
Ep(F(Z)) = Ep(Bp) = (2% U)(2P, 2UP) = @P, -U) 
=(p,u)(p, -l)= - $ . 
( > 
Hence (5.4) implies that &JF(z)) = -1 contrary to Theorem 3.2. i 
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THEOREM 5.5. Let m he an odd integer which satisfies the following con- 
ditions: 
(i) F(z) is irreducible over Q. 
(ii) There exist two primes p, #pz, each of which satisjies 
Hypothesis 5.1. 
(iii) There exist two primes q, # q2, each of which satisjies 
Hypothesis 5.2. 
Then Gal(K(7, m)/Q) N A, and K(7, m) is Q-adequate. Furthermore A, and 
A”, are Q-admissible. 
ProoJ Let G=Gal(K(7, m)/Q). Since F(z) is irreducible 7) /Cl. By 
Lemmas 5.3 and 5.4, 721 IGI. By (2.7), Gc A,. Hence IA,:GI <5 and so 
G=A,. 
If q = 5 or 7 the Tchebotarev density Theorem implies the existence of 
infinitely many primes p with q) IGal(K,/Q,)I. Thus by Lemmas 5.3 and 
5.4 and [6, (2.6)], K(7, m) is Q-adequate. 
By Theorem 2.1 there exists a Galois extension A4 of Q with 
K(7, m) 5 A4 and Gal(M/Q) N A”,. Thus M is CD-adaquate by [ 1, 
Theorem 13.41. Hence A, and A”7 are both Q-admissible. i 
6. AN EXAMPLE WITH n=6 
We are looking for an odd integer m and primes p,, p2 satisfying 
z3 - 18z2 + 9Oz - 120 is irreducible in F,[z], (6.1) 
v,(x - 1) > 0. (6.2) 
(Here, as before, mP, = (x, y).) We also need primes q, , q2 satisfying 
(;)=($)= -1; (zJ=l, (6.3) 
v,(x) > 0. (6.4) 
Finally, we check that with these choices, 
vp,(x- l)=v,,(x- l)= 1, vy,(x) = vy,(x) = 2. (6.5) 
This will ensure that the conditions of Theorem 4.5 hold. 
To perform the computations, we note that E, is a nonsingular cubic 
curve with one triple point at infinity, hence it is close enough to the 
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Weierstrass form for the formulas of [4, p. 123 to hold. They express the 
addition rule on the elliptic curve E, as (x,, yl) + (x,, yJ = (x3, y3), where 
if x,#x, 
(6.6) 
if (x1, YJ= (x2,y2) 
s2 
x,=15-x, -x2, 
Y3=~(x1--3)-Y,, 
(6.7) 
(x1, Yl)+(x,, -Y,)=P,. (6.8) 
Now, for each prime p, E,(lF,) is a finite group; in particular, P, has 
finite order Np modulo p. Therefore, for each prime p satisfying (6.1), one 
can decide within a finite amount of time whether there exists an integer m 
satisfying (6.2), using formulas (6.6)-(6.8) in IF,. If such an m exists, all 
m’ E m (mod N,) will also satisfy (6.2). 
Thus we find that, 
if m- +2 (mod29)thenmP,=(l, +8) (mod109), (6.9) 
if m= )ll (mod82)thenmP,-(1, f91) (mod181). (6.10) 
Likewise, for q, and q2, a search over primes satisfying (6.3) gives, 
if m G 3 (mod 6) then mP, = (0,O) (mod 83) (6.11) 
if m - 9 (mod 18) then mP, - (0,O) (mod 107). (6.12) 
These congruences take the form m = n (mod 2n) because (0,O) is a 
2-division point on E,. 
Solving the Chinese Remainder Theorem with these four congruences 
gives 
rn= +2061 or + 3105 (mod 21402). 
It remains to be checked that one such m, say m = 2061, satisfies (6.5). 
To do this, we must compute 2061 P, modulo pf and qf, i = 1,2. Formulas 
(6.6)-(6.8) can still be used for this purpose provided we are careful never 
to have to divide by a multiple of p. For example, we cannot compute 
(N, + 2) P, by adding P, to itself repeatedly because one of the inter- 
mediate results is N, Pg, which is congruent to infinity modulo p. Nor can 
we add P, and (N, + 1) P, ; instead we add 3P6 and (N, - 1) Pg, which 
64112612.8 
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requires that N,, > 5. In general, we can use the formulas to compute 3P,, 
(N,+2)P,, (N,+3)P,, (2N,+2)P,,..., (kN,+2)P, and then suc- 
cessively add i: Ph to obtain HIP, for any nr not divisible by N,. Thus, we 
find, 
2061Pg=(l +96, 109, 8+53. 109) (mod 109’) 
=(l+ 165.181,91 + 13. 181) (mod 181’) 
= (0,28.83) (mod 83’) 
= (0, 107) (mod 107”). 
In the last two cases, q31 x since q2)y. Thus 2061P, satisfies the conditions 
of Theorem 4.5. 
7. AN EXAMPLE WITH n= 7 
The case n = 7 is essentially the same as n = 6 except that we also must 
check that F,(z) is irreducible over Q. Moreover, instead of (6.1), pi and pz 
must satisfy 
z3 - 1008~ + 9408 is irreducible in P’,[z] (7.1) 
and instead of (6.3), q, and q2 must satisfy 
(?)=(g= -1, (.$I (7.2 
The formulas for addition on E, are similar to the case for E,: 
if x,#x,, 
if (-xI, Y, 1 = (-3, YA 
As in the previous case, we find that 
if m = f9 (mod 40) then (x, y) E (1, f 1) (mod 79), 
if m E f49 (mod 880) then (x, y) = (1, f 1721) (mod 1759). 
(7.3) 
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Also, 
if m = 41 (mod 82) then (x, y) = (0,O) (mod 293) 
and (x, y) E (0,O) (mod 2141). (7.4) 
The above primes pi and qi also satisfy (7.1) and (7.2) respectively. 
The congruences (7.3) and (7.4) hold if and only if 
m = k 16769 (mod 36080). 
(The primes pi and qi have been chosen so as to make the above modulus 
as small as possible. An earlier set of choices had led to m s 218875 
(mod 980500).) 
To check (6.5) we have computed that, 
16769P,=(l+23.79, I+ 15.79) (mod 792) 
E (1 +376.1759, 1721+ 1560.1759) (mod 17592) 
= (0,25.293) (mod 2932) 
E (0, 1337.2141) (mod 21412). 
Finally, we must check that F,(Z) is irreducible. Indeed, 16769P, E (5, 5) 
(mod 1 1 ), so 
F’(~) E =’ - # - =5 -z4+5z3-z2+z+6 (mod 11). 
This polynomial has neither roots nor quadratic factors in [F,,[z]. 
Therefore the Frobenius at p = 11 must be a 7-cycle. Indeed, the only other 
elements of C, which contain no one- or two-cycles are products of 3-cycles 
and 4-cycles, but these permutations are odd. 
It is interesting to consider how large this polynomial is. If we write 
P E E, in homogeneous coordinates as P = [X: Y: Z] where X, Y, and Z 
are integers with no common factor, then we define the height of P, 
h(P)=flogmax(l4, IV, 14). (7.5) 
From the theory of elliptic curves, [S, Chap. 51, it is known that a 
canonical height h(P) exists such that 
h(mP) = m’k(P) + O( 1) 
independently of m and P. In our case, 
A( P,) = 0.885. 
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To estimate the height of the x coordinate of mP,, a property of heights 
[S, Chap. 4, Sect. 51 asserts that 
h(x(P))=2h(P)+O(l), 
where the height on the right is the height of (7.5) and on the left it is 
log max( Ip(, )q) ) where x = p/q in lowest terms. Thus, for x = x( 16769P,), 
we have (approximately) 
h(x) z 2.885( 16769)2. 
Then the height of the last coefficient of F,(z) is approximately, 
h(c,c,c,...c,)z 7h(x) z 1.5 x 109. log 10 
so that the numerator or denominator of the last coeffkient of F,(z) has 
approximately 1.5 billion digits. 
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